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Abstract. Asymptotically free models with massive vector fields are constructed within the 
SU(2) group. Physical consequences of such models are briefly discussed. 

1. Introduction 

A number of renormalizable models of universal interaction (see eg reviews by Fradkin 
and Tyutin 1974, Weinberg 1974) using Yang-Mills fields as intermediate ones have been 
built in recent years. In such theories initial massless fields become massive due to the 
interaction with scalar fields by means of the Higgs mechanism. It is well known 
however that the theory of non-abelian gauge fields is not only renormalizable but is 
also referred to the class of so called asymptotically free theories (Gross and Wilczek 
1973a, b, Politzer 1973, Fradkin and Kalashnikov 1974). The ‘zero charge’ difficulty 
(Landau and Pomeranchuk 1955, Fradkin 1955) is absent from these theories and in this 
sense they are mathematically consistent. In this connection one could believe that the 
interaction of Yang-Mills fields with other fields within universal models offers the 
possibility in principle of achieving asymptotic freedom for the theories with massive 
fields on the whole. The models thus built would represent a consistent theory of 
quantum fields in which both the ‘zero charge’ difficulty and infrared divergences are 
absent. This question was recently analysed by Cheng et al (1974) where the authors 
however came to the conclusion that all the necessary fields cannot become massive if 
one bears in mind the preservation of asymptotic freedom for the model on the whole. 

Below it will be shown however that generally speaking it is not quite so. In fact a 
number of models could be pointed out where the requirement of asymptotic freedom for 
the whole model does not prevent all the necessary particles from acquiring masses. 
Such models can be built with a definite choice of multiplets of interacting fields and 
coupling constants only. The definite relations between coupling constants open the 
possibility of finding here solutions of the renormalization group equations which cor- 
respond to ultraviolet-unstable fixed points. With these solutions we find that the models 
under consideration are asymptotically free. The importance of such solutions has 
already been mentioned by Chang (1974) and Suzuki (1974). In the article by Cheng 
er a1 (1974) such solutions are not discussed. Here we shall restrict ourselves to con- 
sideration of the simplest models of this kind within the SU(2) group only. 

1814 
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2. Asymptotically free gauge models 

2.1. A first  model 

Let us first consider the theory with a massless gauge field WE whose Lagrangian, in the 
usual notation, has the following form : 

Here g,, = (- + + +), *J matrices are chosen in the Schwinger representation 
y r y v + y v y r  = 26,,, and S is a singlet field. With the appropriate choice of multiplets, 
masses and coupling constants this model may be identified with a lepton part of the 
Georgi and Glashow (1972) (GG) unified model of weak and electromagnetic inter- 
actions, although some other interpretations of model (1) are also possible. The fact 
should be emphasized that among unified models of weak and electromagnetic inter- 
actions within the SU(2) group the G G  model is the only one possessing an asymptotic 
freedom. The alternative unified models of weak and electromagnetic interactions of 
the Weinberg-Salam type, which are often used as a part of universal models for groups 
of higher symmetry, are not asymptotically free due to the presence of an abelian gauge 
field of group U(1). 

We would like to discuss here in more detail than has been done by Chang (1974), 
what physical consequences for the G G  model would result from the requirement of 
asymptotic freedom. We shall destroy, in particular, the p-e invariance of the initial 
model and have new mass relations by requiring that light lepton masses correspond to 
electron and muon real masses. Besides we shall present here an additional solution of 
the renormalization group equations which is interesting in itself. 

Equations of the renormalization group for this model have the following form : 

16z2dg2/dt = -U 3g 

16n2 dq2/dt = 24q4 + 5h2q2 - 24g2q2 

16n2 dh2/dt = 16h4+ 10h2q2 - 12g2h2 

16n2 dA2/dt = 1 lA4 + (32q4 + 16h2 - 24g2)A2 + 24g4 - 64q4 - 32h4. 

The solution of this set of equations corresponding to ultraviolet-stable fixed points 
cannot be found in the class of solutions characteristic for asymptotically free theories, 
This was just the result pointed out by Cheng et a1 (1974). However, if quite definite 
relations exist between coupling constants, the set of equations (2) turns out to have 
solutions with which the considered model is asymptotically free. In this case fixed 
points (all of them or at least one) are ultraviolet-unstable, but it can be shown (Suzuki 
1974) that it is not an obstacle for the formulation of a consistent asymptotically free 
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theory. Here we have found two different sets of relations between the coupling constants 

with which the renormalization group equations have two independent solutions 
corresponding to the asymptotic freedom of the considered model. The first of them 
will be used below in the discussion of the physical consequences of the requirement of 
asymptotic freedom in the GG model. The other solution makes it possible to formulate 
an asymptotically free quantum electrodynamics. The latter has the same experimental 
predictions as ordinary quantum electrodynamics up to the energy corresponding to the 
mass of intermediate heavy particles but the ‘zero charge’ difficulty is absent here. 

Thus after carrying out the usual renormalization programme and fulfilment of 
relations (3) between renormalized coupling constants the model (1) will be asymptotic- 
ally free. At the same time the presence in this model of a scalar field with self-action 
makes it possible to supply all the necessary fields with masses by means of the Higgs 
mechanism. 

In particular, if we identify the model (1) with the lepton part of the G G  unified 
model of weak and electromagnetic interactions, the masses of the corresponding fields 
will have the following forms : 

m, = 53.OJ(sin 8, sin b,) 
mE. = m,(h cot be + ij) mM . = m,(h cot b, + f )  (4) 
mEo = hm,/sin be mMo = hm,/sin b,. 

Here E+, M +  are heavy leptons; Eo, MO are massive neutral particles; be ,  Pp  are mixing 
angles of the electron and muon neutrino with the corresponding neutral particle ; 
h, f are as defined in formula (3). The electron and muon neutrino masses are equal to 
zero. This latter requirement leads here to the connection between bare masses of 
fermion multiplets and (4) which results in the appearance in the theory of a number of 
mass relations : 

( 5 )  m E +  + m e -  = 2mE0 cos be mM + + m, - = 2mM0 cos b,. 
We destroy here the p-e invariance of the model and identify light lepton masses with 
electron and p meson masses : 

(6) 

The latter uniquely defines the angles be and p,. Thus as distinct from the usual GG 
model formulation the masses of the W boson and other particles are no longer arbitrary 
and have quite definite values: 

me - = m,(h cot be - f )  m, = m,(h cot p, - f ) .  

mw = 3.54 GeV/c2 mEi = 6.58 GeV/c2 mEo = 3.30 GeV/c2 

mM- = 6.68 GeV/c2 mMo = 3.40 GeV/c2. (7) 
This interesting fact is a direct consequence of the requirement of asymptotic freedom 
within the GG model which finds its expression in the condition (3) and mass relations 
(4, 5). From the physical point of view this result should rather be considered as un- 
satisfactory though the likeness of masses of recently discovered t,b particles to those of 
the W boson and Higgs boson in the theory under consideration is tempting. 



Asymptotically free models with massive vector fields 1817 

2.2. A second model 

The second model discussed hereafter is built in a similar way : 

9 = -$(d,w;- a,w;+gocabcw;w;)2 - I ( ~ , , s ~ - i i g , ) t ~ , ~ b , ) ~ ~ l ~  -p24+sa@ 

but as distinct from the first model the SU(2) group is completely destroyed here. The 
latter is achieved due to introduction into the theory of a complex scalar field qY which 
interacts with the gauge field and fermion multiplets of real particles. Here E N is 
a nucleon doublet; IC/’ is a doublet of Z particles; and E is a triplet of E particles which 
can also contain a A. singlet in combination with Eo (Eo sin j + A. cos 8). $ c  = C$+ 
where iC = z2 is the charge symmetry matrix. After broken symmetry there are no 
massless particles and mass relations will be so chosen that this model could be inter- 
preted as the simplest rough model imitating a strong hadron interaction. The inclusion 
of a 71 meson into this model does not produce difficulties but because it is cumbersome 
it will be published in a separate paper. 

The renormalization group equations for this model have a rather simple form : 

16n2 dL2/dt = m4+( 1 2 K 2  - 9g2)d2 +$g4 - 6K4 

and their solution is easily found. The solution obtained corresponds to the ultraviolet- 
unstable fixed points of the set of equations (9) and is realized if the following simple 
relation : 

(10) 
holds for the coupling constants. The real model possesses an asymptotic freedom and 
all the fields in it are massive. 

122 2 K 2  = (Eg)’ = r g  

Vector field mass mw results from spontaneous symmetry breaking 

and is the same for all components of the vector multiplet. After an appropriate choice 
of 5 we may identify m, = $g(/ J2 with the mass of p mesons. Hadron mass is obtained 
by diagonalization of the mass matrix and in a general case of different bare masses of 
hadron multiplets it is defined by the following equations : 

m p 2 +  = %MN + My)_+ ([%My- M,)J2 + A 2 ) 1 / 2  

ma -2 - = t ( M ,  + My) 5 {[%ME - My)]’ + A’} l i 2  ( 1 4  

where A = +K( = Em, J2 and 2 is determined by equation (10). In a particular case, 
when i ( M s  + MN) = M,, equation (12) is solved in an explicit form and the hadron mass 

(MN - d)(hfx-A)(M~ - d) - A2[%M= + MN)- A] = 0 
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spectrum takes the following form : 

1 

1 

~ ( M z  + MN) - ( [ ~ ( M z -  MN)]’ + A2} l’’ [z] = [ M E  - ([3(M, - AIN)]’ + A2} 

*(M,+MN)+{[~(M,-M,)l2 +A2}”’ 

MZ 

+(ME + M,) - {[*(ME - + A’} ‘ I 2  

M , + ( [ ~ ( M E - M N ) ] ~ + A ~ } ” ’  
m, - ME + MZ) + ([$(ME - MZ)]’ +A’} ‘ I 2  

There is no sense in calculating the numerical values of masses, since after mesons 
are introduced into the model, A diminishes considerably due to the decrease of E. 
Nevertheless it is seen that with an appropriate choice of A and bare masses the masses 
of the corresponding multiplets can be quite satisfactory. 

3. Conclusion 

On the whole the results obtained in the present paper can be formulated as follows: 
the requirement of asymptotic freedom imposes considerable limitations on the class of 
possible models ; nevertheless even within the SU(2) group it is quite possible to build a 
number of asymptotically free realistic models in which all the necessary particles are 
massive. For the groups of higher symmetry realization of such models will be still more 
satisfactory from a physical point of view. 
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